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Abstract
Machine learning is today one of the most active research
area related to impressive advances in artificial intelligence
technics. A huge number of learning algorithms are success-
fully used in many domains including speach recognition,
computer vision, text classification or time series forecast-
ing. In this paper, we use several machine learning methods
in order to forecast the equity realized volatility, a key quan-
tity for many asset allocation and risk management models.
In our approach we treat this problem as a classification task
(i.e., pattern recognition) and we predict the sign of the dif-
ference between equity realized volatility and equity antici-
pated volatility. We found that machine learning algorithms
have superior performances and are able to learn complex
input-output relationships.

Keywords: Machine learning; Equity realized volatility;
Forecasting; Binary classification; Financial markets; Time
series; Statistics

1 Introduction
Over the last years, the world entered the Data Revolution
era. This revolution is considered as important for humanity
as the agricultural revolution (1775-1800) or the computer
revolution (1960-2010). In fact, 2.5 quintillion bytes of
data are generated every day and each year, enough data is
already being created and stored to stack DVDs from Earth
to the moon and backwith (some estimating this stack would
reach halfway to Mars by the end of the decade). Every
minute, people post 216 thousand photos on Instagram and
2.5 million posts on Facebook, publish 347 new blogs, create
570 new websites, upload 100 hours of videos on Youtube
and send 204 million e-mails. The exploitation of this great
amount of data permited beneficial projects in many sectors
such as insurance, health care, defense, transportation or the
world wide web.

In parallel to this phenomenon, a scientific field is re-
ceiving a great attention from both research and industrial
communities called machine learning (or statistical learn-
ing). The birth of this field was driven by the need of models
that don’t rely on too much assumptions about the generat-
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ing mechanisms of the data. In the paper ”Statistical Model-
ing: The Two Cultures” (Breiman 2001) the reader can find
a comprehensive comparison between:

• The data modeling culture: here we assume that the
law of nature generating the data is a stochastic model.
In the black box linking predictors x to the response
variable y, we find linear or logistic regression models
(parametric class of models). They are validated using
goodness-of-fit tests and residuals examination.

• The algorithmic modeling culture: here we assume in-
stead that the law of nature generating the data is com-
plex and unknown. The black box contains learning al-
gorithms like Random Forests, SVM and Neural Net-
works. The models are validated by measuring pre-
dictive accuracy through cross-validation (i.e., estima-
tion of the generalization capacity of the model). How-
ever, developments in statistical learning theory provide
mathematical foundations and bounds on the general-
ization error. Machine learning falls in this category.

Breiman pointed out the limitation of the parametric
linear models and concluded that they are not always suitable
for modeling complex systems involving unkown physical,
chemical or biological mechanisms.

In this work, we tackle the problem of forecasting the
sign of the equity realized volatility minus anticipated one-
month volatility on the S&P500 index using a set of finan-
cial predictors. We test widely used machine learning meth-
ods, namely Random Forests (RF) and Extremely Random-
ized Trees algorithms (ExtraTF) belonging to more gen-
eral ensemble learning methods, as well as Support Vector
Machines (SvmLin as the soft-margin SVM with linear ker-
nel, SvmPoly as the soft-margin SVM with polynomial ker-
nel and SvmRbf as the soft-margin SVM with radial basis
function (Gaussian) kernel). We compare them to the reg-
ularized Logistic Regression (used as a linear para-
metric benchmark).

The rest of the paper is organized as follows: section 2
gives the necessary background on statistical learning the-
ory and supervised learning setting. Section 3 presents the
proposed machine learning methods used for classification.
Section 4 presents the experimental results and our observa-
tions, as well as possible explanations. Section 5 presents
the conclusions.



2 Background in statistical learning theory
In this section, we present the background and some prelim-
inaries related to the supervised learning setting. We also
present some elements of statistical learning theory.

2.1 Introduction. The foundations of statistical learning
theory, which provides the theoretical basis for many ma-
chine learning algorithms, are due to the seminal work of
Vladimir Vapnik [1] [2] [3] [4] [6]. The need of a theory of
inductive inference to formalize concepts like learning, over-
fitting or generalization in order to design better algorithms
is the main motivation of this field.

Actually, inductive inference means to infer a general
law or a pattern from an observed real world phenomenon
and is characterized by the following approach : 1) phe-
nomenon observation, 2) construction of an explanatory
model and, 3) making predictions using the learnt model.

In general, the main learning problems are:

• Supervised learning: pattern recognition (we will fo-
cus on this task in this paper), regression estimation.
In this type of learning, one is given a training dataset
of input-output pairs (xi, yi) and the goal is to infer an
output y from a new instance x. If yi ∈ N, it corre-
sponds to a classification task (pattern recognition) and
if yi ∈ R it is a regression estimation.

• Unsupervised learning: density estimation, clustering.
Here, instances xi are given without a target value. The
goal is to summarize the input space X and reveal the
underlying structure.

Hereafter we will give a formal introduction to the
learning model and its different components. For more
details, see [5].

2.2 The learning model. In the supervised learning set-
ting, we try to construct a model from observed data with
the following components:

1. A generator of random vectors x drawn independently
from a fixed but unknown distribution P (x).

2. An oracle that associates to each input x an output
y ∈ Y according to a conditional distribution function
P (y|x) which is fixed but unknown.

3. A machine implementing a class of functions defining
a hypothesis spaceH = {f : X → Y }. The hypothesis
space is the space of functions the algorithm will search
through. For example, if Y = R and X = Rn then:
H = {fw : X → Y, fw(x) = wTx + b, w ∈ Rn, b ∈
R}, is the set of possible hyperplanes.

Hence the goal of the learning process is to choose the
function f ∈ H which predicts the oracle’s response in or-
der to minimize a specified loss function. The selection of
f is based on a training set {(x1, y1), . . . , (xN , yN )} of N
i.i.d. (random independent indentically distributed) obser-
vations drawn according to the joint probability distribution
P (x, y) = P (y|x)P (x).

Note that in the standard setting of statistical learn-
ing there is no assumption on the probability distribution
P (x, y). From this point of view, it differs from standard
statistics where one usually assumes that the probability dis-
tribution belongs to a certain family of distributions with pa-
rameters to be estimated.

Moreover, independent sampling is also an important
and strong assumption that is not justified in all applications
(like time series forecasting or drug discovery). Fields
like active learning or transductive learning try to relax the
independence postulate.

Also, we assume that the distribution P (x, y) is fixed (or
stationary) and hence does not change over time. Obviously,
this assumption is not valid for financial time series where
we have a well known phenomenon called concept drift
(the relation between the input data and the target variable
changes over time). The drift is caused by a change in
the posterior probability P (y|x) (called real drift) or by a
virtual drift. The later is also called covariate shift (change
in P (x)). Indeed, an assumption that one can make about
the connection between the source (where we learn) and the
target (where we predict) domains is that given the same
observation X = x, the conditional distributions of Y
are the same in the two domains. However, the marginal
distributions of X may be different in the source and the
target domains. Formally, we assume that Ps(Y |X = x) =
Pt(Y |X = x) for all x ∈ X , but Ps(X) 6= Pt(X). This
difference between the two domains is called covariate shift.

2.3 Theoretical versus empirical risks. We previously
said that the goal of the machine is to predict the oracle’s
response considering a loss function that we noteL(y, f(x)).
We define the true risk (or theoretical risk) as:

(2.1) R(f) =

∫
X×Y

L(y, f(x))dP (x, y)

For example, L(y, f(x)) = (y − f(x))2 is used for
regression, L(y, f(x)) = 1{y 6=f(x)} for binary classification.

The goal of supervised learning is to find the function f0

inH that minimizes the theoretical risk:

(2.2) f0 = arg min
f∈H

R(f)

under two constraints: f must belong to H and P (x, y) is



unknown (we have only access to the information contained
in the training dataset).

Using the following notations: z = (x, y) and
Q(z, f) = L(y, f(x)). We can rewrite the true risk as:

(2.3) R(f) =

∫
Q(z, f)dP (z)

Since we don’t know the probability distribution
P (x, y) we can not compute R(f). Instead, we compute
the empirical risk Remp(f) over the i.i.d. observations
{z1, . . . , zN} drawn from P (z):

(2.4)

Remp(f) =
1

N

N∑
i=1

Q(zi, f) , femp = arg min
f∈H

Remp(f)

We also define Ropt as the optimal theoretical risk (i.e.,
best achievable risk without restricting f to the hypothesis
space):

(2.5) fopt = arg min
f

R(f) , Ropt = R(fopt)

The main question is if femp and Remp(femp) (com-
putable quantities) are good approximations of f0 andR(f0)
and, more ambitious, of fopt and R(fopt).

2.4 The bias-variance tradeoff. The bias-variance trade-
off is a fundamental concept in machine learning that de-
termines the generalization ability of a model (we say that a
model generalizes well if the error on the training set roughly
equals the error on the test set).

We write the difference between the true risk associated
to the function minimizing the empirical risk R(femp) and
the optimal risk Ropt as:

(2.6)
R(femp)−Ropt = [R(f0)−Ropt] + [R(femp)−R(f0)]

We have the sum of two terms:

1. The approximation error (first term): called the bias
of an estimator in statistics, it measures the error we
make by choosing the best function in a limited hypoth-
esis space H instead of picking the best function in the
entire space of all possible functions. In other words,
to what extent H is able to approximate the target fopt.
This error depends on the choice ofH, not on the data.

2. The estimation error (second term): called the vari-
ance of an estimator in statistics, it’s a random quantity
(since it depends on the data) that measures to what ex-
tent femp is close to f0. In other words, it deals with the

uncertainty introduced by the random sampling process
since we have to estimate f0 (the best function in H)
using only the available data.

Statistical learning theory has mainly a focus on vari-
ance since it’s difficult to estimate the bias (we have no in-
formation about fopt - so the assumptions are on the value
of Ropt rather than the optimal function). In practice, the
researcher has to find the right balance between these two
quantities in order to avoid overfitting (using cross-validation
for instance).

2.5 Empirical risk minimization induction principle
(ERM). We have seen that the true risk associated to femp
(i.e., the expected loss) can not be minimized directly since
P (x, y) is unknown. However, training data are avail-
able and we can approximate the true risk R(femp) with
the empirical risk Remp(femp). This is the empirical risk
minimization induction principle (ERM). This approach is
straightforward and reasonable since we expect a conver-
gence between the two types of risk towards R(f0) when
N → ∞ and thanks to the law of large numbers. We say
that the ERM principle is consistent. In other words, the es-
timator is consistent if the error on the training set is a good
estimate of the error on the unseen test set.

Hence the statistical learning theory gives mathematical
answers (essentially bounds and guarantees) regarding some
questions related to the consistency of the ERM principle:

• Under what conditions is the ERM principle consistent?
In order to answer this question, we need to establish
the following necessary and sufficient conditions:

(2.7) R(femp)
P−−−−→

N→∞
R(f0)

means the convergence in probability of the solution
returned by ERM toward the optimal one inH.

(2.8) Remp(femp)
P−−−−→

N→∞
R(f0)

means the convergence in probability of the empirical
risk toward the minimum of the theoretical risk.

• What is the rate of convergence of our learning machine
(i.e., the generalization ability of the machine that
implements the ERM principle)? Since we have a finite
training set, it is necessary to obtain nonasymptotic
bounds on the rate of convergence.

• How to control the ability of generalization of the
learning machine? This is related to the structure of
H.



• How to built algorithms that are able to control the rate
of convergence?

2.6 Theoretical results. Our goal in this section is to
present the main results without giving details or proofs
which is not the purpose of this paper. Interested reader can
consult the references.

2.6.1 Law of large numbers. Suppose that f ∈ H is
fixed. We recall that Q(zi, f) is a set of random i.i.d.
variables since {zi} in the training set are i.i.d. random
variables. Hence we can write: R(f) = E[Q(z, f)].
Remp(f) is also a random variable. The weak form of the
law of large numbers gives us:

(2.9)
1

N

N∑
i=1

Q(zi, f)
P−−−−→

N→∞

∫
Q(z, f)dP (z)

Using the Chernoff inequality we can derive, for a given
function f , a bound for the probability of closeness between
the empirical and the true risk:

(2.10)
∀ε > 0, P (|Remp(f)−R(f)| ≥ ε) ≤ 2 exp(−2Nε2)

This indicates that the probability of a large deviation
between training and test errors converges toward 0 as N →
∞.

However this result is not satisfactory (i.e., it can’t prove
the consistency of the ERM principle) for two reasons:

• The Chernoff bound gives an asymptotic result. The
problem is that we have a finite observations set.

• The bound is valid for a fixed function f which doesn’t
depend on the training data. But in practice, the
function femp is constructed from empirical data (here
f is fixed whereas in the ERM principle we assume that
femp is a random variable). So the necessary condition
for consistency can not be derived.

Further developments use non-asymptotic concentration
inequalities (like Hoeffding inequality) as tools to derive
probabilistic bounds to prove the convergence of the empir-
ical risk toward the true risk. However, these tools are not
sufficient (because in practice f depends on the data, i.e.,
femp is a random variable) and Vapnik-Chervonenkis the-
ory stipulates that in order to achieve consitency, we need
to restrict the hypothesis space H (the idea is that if H con-
tains functions with perfect fitting, the ERM principle cannot
work). These restrictions of the admissible functions are re-
lated to the Vapnik-Chervonenkis dimension h that we will
introduce later.

A key theorem of the learning theory (see section II.A in
[1]) asserts that the analysis of the consistency of the ERM
principle must be a worst case analysis. In other words, the
consistency is determined by the worst case behavior over all
functions f ∈ H. This worst case is equivalent to a law of
large numbers which is uniform over all functions inH. This
corresponds to a uniform one-sided convergence (necessary
and sufficient condition).

So since we don’t know the function that the algorithm
will choose, we consider the following uniform bound:

(2.11) R(femp)−Remp(femp) ≤ sup
f∈H

(R(f)−Remp(f))

The uniform law of large numbers is then applied to
bound the right hand side of the inequality and the consis-
tency of the ERM principle is related to the convergence of
the supremum supf∈H |R(f) − Remp(f)|. It is proved that
this convergence is related to the structure ofH.

So the main question at this stage is: how do we
measure the richness of the structure of the hypothesis space
H (i.e., the capacity or complexity of the learning machine)?

2.6.2 The three milestones. Let’s introduce the mile-
stones of the learning theory using a set of indicator func-
tions Q(z, f), f ∈ H (i.e., pattern recognition setting which
can be extended to real-valued functions):

1. Milestone 1: define the entropy for sets of indicator
functions as:

(2.12) HH(N) = E[lnNH(z1, . . . , zN )]

with
(2.13)
NH(z1, . . . , zN ) = Card({(Q(z1, f), . . . , Q(zN , f)), f ∈ H})

The necessary and sufficient condition for uniform con-
vergence (strict consistency of the ERM principle) is:

(2.14)
HH(N)

N
−→
N→∞

0

2. Milestone 2: define the annealed entropy as:

(2.15) HHan(N) = ln(E[NH(z1, . . . , zN )])

Then define the growth function as:

(2.16) GH(N) = ln( sup
z1,...,zN

(NH(z1, . . . , zN )))

Using the Jensen inequality we have:

(2.17) HH(N) ≤ HHan(N) ≤ GH(N)



The second milestone of the learning theory, which
gives us the necessary condition for a fast asymptotic
rate of convergence, is:

(2.18)
HHan(N)

N
−→
N→∞

0

Considering the link between HH(N) and HHan(N),
this is also a sufficient condition for the uniform con-
vergence and hence the strict consistency of the ERM
principle.

3. Milestone 3: we notice that the two first milestones
are valid only for a given probability measure P (z)
(HH(N) and HHan(N) are distribution-dependent).
However we want to construct learning machines that
can solve a wide range of problems (i.e., we want to ob-
tain a consistent and rapidly converging ERM principle
independently of the probability measure). We use the
growth function:

(2.19)
GH(N)

N
−→
N→∞

0

This is the necessary and sufficient condition for con-
sitency and fast convergence for any P (z). The suffi-
cient part for fast convergence comes from HHan(N) ≤
GH(N).

We have defined some measures of the richness of the
hypothesis space. However, GH(N) depends on the size
N of the training set. Also HH(N) and HHan(N) depend
on the probability distribution P . These results are not very
usefull in practice and one wants to establish a more intuitive
definition of the richness (or complexity) of the hypothesis
space.

2.6.3 The Vapnik-Chervonenkis dimension (VC). This
measure of the capacity of a statistical learning algorithm
is derived using the growth function defined in the third
milestone which has a particular structure.

From the theorem of Vapnik-
Chervonenkis/Sauer/Shelah (see section III.A. in [1]),
we have that the growth function GH(N) is either linear
(implying that the VC dimension is infinite) or bounded
by a logarithmic function h(1 + lnNh ) with coefficient h
(implying that the VC dimension is finite and equals h).

A very important result links the asymptotic behaviour
of the growth function to the VC dimension:

(2.20)
GH(N)

N
−→
N→∞

0⇐⇒ h <∞

Hence a necessary and sufficient condition for consis-
tency and fast convergence of the ERM principle regardless

the probability distribution P is the finiteness of the VC di-
mension h of the hypothesis spaceH.

Formal definition: the VC dimension of a set of indi-
cator functions Q(z, f), f ∈ H is the maximum number h
of points z1, . . . , zh which can be shattered (i.e., separated)
in all 2h possible ways using functions Q(z, f). In other
words, it is the maximum number of points that can be ex-
actly learned (i.e., well classified) by a function of H. If the
shattering is possible ∀N then the VC dimension is infinite.
This definition can be extended to real-valued functions.
We give somes examples:

• Consider a set of linear indicator functions (set of
hyperplanes in Rd) such that: H = {x 7→ sign(wTx+
b), w ∈ Rd, b ∈ R}. Then the VC dimension of H is
h = d + 1 (where d is the dimensionality of the input
space). We could think that the VC dimension is always
linked to the number of input variables. However, this
is true only if the input-output relationship is linear.

• Consider the following: H = {[(sin(tx))+], t ∈ R}.
With this hypothesis space, and by tuning the parameter
t, one can shatter every finite set of points in R. Hence
the VC dimension of this hypothesis space is infinite
despite the fact that we have only one input.

• Consider a set of ∆-margin separating hyperplanes.
The VC dimension h of this hypothesis space (consid-
ering large margins) is bounded (see section III.C. in
[1]) and can be less then d + 1 (the larger the margins,
the smaller is h). This result has a great practical im-
plication since it motivates the developpment of clas-
sifers that aim at constructing decision boundaries by
maximizing the margin of hyperplanes: the well known
SVM algorithm.

Finally, the VC dimension plays an important role since
it is used to define a bound on the true risk and guarantees on
the generalization capacity of the learning machine.

2.6.4 Bounding the risk. Here we present the main the-
orem of Vapnik’s theory. We consider the general case of
bounded functions 0 ≤ Q(z, f) ≤ B. For the set of indica-
tor functions, B=1.

Let h be the VC dimension. With probability at least
1− η, we have:

(2.21) R(f) ≤ Remp(f) +
Bε

2

(
1 +

√
1 +

4Remp(f)

Bε

)
with

(2.22) ε = 4
h(ln 2N

h + 1)− ln η

N

This inequality justifies the use of the ERM principle.



2.6.5 Structural risk minimization induction principle
(SRM). The previous inequality should be analysed regard-
ing the N/h ratio. Actually, the ERM induction principle
in justified when N > h: the second summand of the right
hand side becomes small, and minimizing the empirical risk
is a good approach to ensure generalization ability (i.e., it is
a good estimate of the true risk)

However, if the VC dimension is relatively as large as
the number of observations (N/h small), then minimizing
Remp(f) does no more garantee a small value of the true
risk. So we need a new minimization principle with two
objective functions: the value of the empirical risk and a
quantity related to the VC dimension of the set of functions.
The second objective means controling the value of h (i.e.,
restricting the richness of the hypothesis space).

This simultaneous minimization is achieved via the
structural risk minimization (SRM) principle.

Consider the set S = {Q(z, f), f ∈ H} composed of
the nested subsets of functions:

(2.23) Sk = {Q(z, f), f ∈ Hk}

Such that:

(2.24) S1 ⊂ S2 ⊂ · · · ⊂ Sk ⊂ · · · , and S =
⋃
k

Sj

Hence we have the associated growing VC dimensions :

(2.25) h1 ≤ h2 ≤ · · · ≤ hk ≤ · · ·

Thus the SRM principle consists in choosing simultane-
ously Hk and femp ∈ Hk in order to minimize the bound of
the true risk.

2.6.6 Regularization. The SRM principle consists in
defining a sequence of models of increasing sizes and then
minimizing the empirical risk (and computing bounds) for
each model with a preference for models with low complex-
ity.

The problem is that this approach is difficult to imple-
ment in practice. This led to a widely and successfully used
method in machine learning: regularization. The idea is to
introduce a regularization term of the model’s complexity di-
rectly in the loss function.

(2.26) femp = arg min
f∈H

Remp(f) + λΩ(f)

Where λ controls the importance of the regularization
term (and impacts the bias-variance tradeoff) and Ω() is
typically a penalty on the complexity of f . Usually, λ

is tuned using cross-validation procedure. Suppose the
hypothesis space H such that f is parametrized with a p
dimensional vector w. The most used regularizers are:

• L1 regularization: it uses the L1 norm of the parame-
ters:

(2.27) Ω(fw) = ‖w‖1 =

p∑
j=1

|wj |

This form of regularization leads to a sparse solution
with many parameters set to 0. However, the loss
function is no more continuously differentiable and
need specific algorithms. It works well for problems
where we have a lot of irrelevant features. Linear
least squares regression with L1 regularization is called
Lasso regression.

• L2 regularization: it uses the L2 norm of the parame-
ters:

(2.28) Ω(fw) = ‖w‖22 =

p∑
j=1

w2
j

Linear least squares regression with L2 regularization
is called Ridge regression (or more generally Tikhonov
regularization). It reduces the magnitudes/values of
the parameters and hence allows to avoid overfitting.
This form of regularization converges faster than the L1

penalty in practice.

Prior to Lasso, the most widely used method for choos-
ing which covariates to include was stepwise selection,
which only improves prediction accuracy in certain cases,
such as when only a few covariates have an strong rela-
tionship with the outcome. However, in other cases, it can
make prediction error worse. Also, at the time, Ridge re-
gression was the most popular technique for improving pre-
diction accuracy. Ridge regression improves prediction er-
ror by shrinking large regression coefficients in order to re-
duce overfitting, but it does not perform covariate selection
and therefore does not help to make the model more inter-
pretable.

Lasso is able to achieve both of these goals by forcing
the sum of the absolute value of the regression coefficients to
be less than a fixed value, which forces certain coefficients
to be set to zero, effectively choosing a simpler model that
does not include these coefficients.

As we will see it later, soft-margin SVM algorithm is an
implementation of the SRM principle with regularization.



3 Proposed methodological approach
In this section, we will provide a description of the machine
learning algorithms used to perform volatility forecasting.

3.1 Regularized logistic regression. Logistic regression
(also known as logit model) is a widely used algorithm for
classification tasks. It is a linear parametric model since the
decision boundary is a hyperplane. Like linear regression,
logistic regression is a conditional model which models
the conditional probability of the output, given the input
p(Y |X) (contrary to generative models which model the
joint distribution p(X,Y )).

We assume that we have a training dataset D =
{(x1, y1), . . . , (xN , yN )} of i.i.d. random variables of inputs
X ∈ Rp and output Y ∈ {0, 1} which follows a Bernoulli
distribution with parameter θ: the goal of the algorithm is to
infer θ from the observed data. Logistic regression uses the
well known logistic function 1 σ which is defined on [0, 1]
such that:

(3.29) ∀z ∈ R, σ(z) =
1

1 + e−z

We then assume that Y |X = x ∼ B(θ) with θ =
σ(wTx) 2 and w is the vector of weights to be estimated
((p+ 1)-dimensional vector if we add an intercept). We can
write the conditional distribution as:

P (Y |X; θ) =

N∏
i=1

θyi(1− θ)1−yi

=

N∏
i=1

σ(wTxi)
yiσ(−wTxi)1−yi

(3.30)

We then compute the log-likelihood:

l(w) =

N∑
i=1

[yi log σ(wTxi) + (1− yi) log σ(−wTxi)]

=

N∑
i=1

[yiw
Txi + log σ(−wTxi)]

(3.31)

Since the log-likelihood is differentiable and concave,
its global maxima are its stationary points. Let ηi =
σ(wTxi), we compute the gradient of l(w):

1Known as sigmoid function in the neural networks literature, it is used
as an activation function in the neuron model.

2The key assumption behind this is that log P (Y =1|X=x)
P (Y =0|X=x)

= wT x.

∇wl(w) =

N∑
i=1

[yixi − xi
σ(−wTxi)σ(wTxi)

σ(−wTxi)
]

=

N∑
i=1

xi(yi − ηi)

(3.32)

Hence ∇wl(w) = 0 ⇐⇒
N∑
i=1

xi(yi − σ(wTxi)) = 0

has no closed form solution (this equation is nonlinear and
we need an iterative optimization method to solve it). We
use the second-order Taylor expansion of the log-likelihood
function in order to use second order otimization algorithms
(Newton’s method).

We introduce the design matrix:

(3.33) X =

x1

...
xN

 ∈ RN×p
We write the Hessian matrix of l(w) as:

Hl(w) =

N∑
i=1

[0− σ
′
(wTxi)σ

′
(−wTxi)xTi ]

= −XTDiag(η(1− η))X

(3.34)

Using the second-order Taylor expansion of the log-
likelihood function at point w = wt we have:

(3.35)

l(w) = l(wt)+(w−wt)T∇wl(wt)+
1

2
(w−wt)THl(wt)(w−wt)

We set h = w − wt and Dη = Diag(η(1 − η)). The
maximization problem is then:

max
h
{hTXT (y − η)− 1

2
hTXTDηXh}

⇐⇒ max
h
{hT∇wl(w) +

1

2
hTHl(w)h}

(3.36)

The optimization problem is solved with the IRLS algo-
rithm (Iterative Reweighted Least Squares): wt+1 ← wt +
(XTDηtX)−1XT (y − ηt).

We know that linear classifiers over lower dimensional
input spaces will have smaller VC dimension (actually, the
number of training examples needed to learn well grows
linearly with the VC dimension which grows about linearly
in the number of parameters which typically grows at least
linearly in the number of input features). Hence, in our
work, we use a regularized form of logistic regression which



consists in finding the parameters θ that solve the following
optimization problem:

(3.37) arg max
θ

N∑
i=1

log p(yi|xi; θ)− λΓ(θ)

where λ is the penalty coefficient and Γ(θ) is the regu-

larization term. If Γ(θ) =
N∑
i=1

|θi| then this is L1 regularized

logistic regression and if Γ(θ) =
N∑
i=1

θ2
i , this is L2 regular-

ization. The above optimization program can be solved using
quasi-Newton methods like LBFGS algorithm.

In [7] the author proved that using L1 regularization of
the parameters, the sample complexity (i.e., the number of
training examples required to learn well) grows only loga-
rithmically in the number of irrelevant features. This loga-
rithmic rate matches the best known bounds for feature se-
lection, and indicates that L1 regularized logistic regression
can be effective even if there are exponentially many irrele-
vant features as there are training examples.

In the rest of the paper we will note LogRegL1 the
L1 regularized logistic regression and LogRegL2 the L2
regularized logistic regression.

3.2 Decision trees and Random Forests. The CART al-
gorithm (Classification and Regression Tree) has been devel-
oped by Breiman et al. in 1986 (see [8]) and became one of
most popular learning methods commonly used for data ex-
ploration. It is a non-parametric, greedy, top-down binary,
recursive partitioning method that divides feature space into
sets of disjoint rectangular and more homogeneous regions.
Contrary to logistic regression, it produces a non-linear de-
cision boundary.

Suppose we have a region R which is a subset of
Rp, we then note ER to be the fraction of data points
xi ∈ R misclassified by a majority vote in the region R
(we consider a classification task). We note also NR =
Card({i : xi ∈ R}). Then the procedure for growing a
classification tree (the regression case is similar) is relatively
simple. Starting with the inital node containing all the
training dataset, we chose a dimension j (i.e., the predictor
xj , with j ∈ {1, . . . , p}) and the split s (i.e., a value in the
range of values that variable xj takes in the training set D)
using a brute-force search in order to find the best binary
split δ∗ that minimizes the misclassification error in the child
nodes:

(3.38) δ∗ = argmin
δ∈∆

NR(j,s)ER(j,s) +NR′(j,s)ER′(j,s)

where ∆ is the set of all possible splits, R and R′ are
the obtained child nodes (i.e., disjoint sub-regions ofR) with

R(j, s) = {xi : xij > s} and R′(j, s) = {xi : xij ≤ s}.
In other words, the goal is to find the splitting point δ that
gives child nodes that are more pure (i.e., contain a larger
proportion of one class in each node). In our definition, we
used the accuracy as a measure of purity, however, it is a bit
misleading since the measure’s focus is on partitioning the
data in a way that minimizes misclassification rather than a
focus on partitioning the data in a way that places samples
primarily in one class. In practice and in all the available
packages, we use two alternative measures: the Gini index
or cross-entropy (also known as deviance) for classification,
squared error for regression.

Hence, the CART algorithm repeats this procedure re-
cursively for each newly created sub-region a sufficient num-
ber of times (therefore increasing the depth of the tree ) until
we have pure terminal nodes (i.e., nodes containing observa-
tions with the same label), or until another stopping criteria
is met (such as the minimum number of samples in a termi-
nal node 3 or the maximum tree depth). Trees with maximum
depth are known to overfit (since they build very complex de-
cision boundaries) and hence pruning strategies can be used
to enhance their generalization ability. For more details see
[9] [10] and [11].

The CART algorithm has many advantages such as nat-
ural handling of ”mixed” data type (continuous, discrete or
categorical) as well as missing values, robustness to outliers
in the input space, computational scalability and ability to
deal with irrelevant inputs (i.e., automatic features selection).
However, this algorithm has an unstable structure due to the
recursive construction principle and is very sensitive to the
data distribution (a little change in the training dataset leads
to a completely different classifier). Hence this model has a
high variance (i.e., estimation error) and low prediction ac-
curacy. This fact has led to the development of ensemble
learning methods that reduces the variance of the final ag-
gregated classifer obtained by combining several weak clas-
sifiers such as CART.

3.3 Ensemble learning methods. To overcome the lack
of robustness of weak learners like decisions trees, ensemble
learning have been developped. The idea is to built a set of
such learners by introducing a given quantity of randomness
and then average the set of decisions given by each base clas-
sifier (final prediction is the mean prediction for regression
or class with maximum votes for classification).

3.3.1 Bagging. In 1996, Breiman [12] introduced the
bootstrap aggregating meta-algorithm (called bagging) to
enhance the accuracy of CART algorithm and reduce the
variance. Recall that we have a training dataset D =

3If the terminal nodes contain too few samples, the prediction is not
statistically significant.



{(x1, y1), . . . , (xN , yN )}. The procedure draws B boot-
strap samples (random sampling with replacement) noted
{Db}b=1,...,B and builts a model φDb

on each of them. The
final model depends on the supervised learning setting:

• Regression:

(3.39) φ̂B(· ) =
1

B

B∑
b=1

φ̂Db
(· )

• Classification:

(3.40) φ̂B(· ) = argmax
j

Card{b|φ̂Db
(· ) = j}

Breiman used CART algorithm as family of models φ(· )
and experimental results suggest using completly grown
trees without pruning (thus each tree has a low bias but a high
variance). Since each bootstrap sample (and by consequence
each tree) generated by bagging is identically distributed
(i.d.), the bias of the ensemble is the same as that of the
individual trees, and the only hope lies in variance reduction.

3.3.2 Random Forests. In 2001, Breiman [13] introduced
the Random Forests (RF) algorithm which is an improve-
ment of the bagging procedure (experimental results show
generally a great enhancement). In bagging we have a first
source of randomness (bootsrapping). In Random Forests,
we go one step further by adding a second source of random-
ness: during the construction of a single tree and for each
split, we select a random subset of m features as candidate
for choosing the best split δ∗ with m < p. In the literature,
researchers report the following best values for m:

√
p for

classification and p/3 for regression. We see that bagging is
a special case of RF where m = p.

The goal of the additional randomness is to increase the
independence between the trees. In fact, de-correlation gives
better accuracy. Why? Let ρ(x) be the sampling correlation
between any pair of trees used in the averaging 4 and σ2(x)
is the sampling variance of any single randomly drawn tree,
then the variance of the ensemble is:

4Do not confuse this quantity with the average correlation between fitted
trees in a given Random Forests ensemble. See [10] section 15.4.1 for more
details.

V ar

(
1

B

B∑
i=1

φ̂Di(x)

)
=

1

B2

B∑
i=1

B∑
j=1

Cov
(
φ̂Di(x), φ̂Dj (x)

)

=
1

B2

B∑
i=1

 B∑
j 6=i

Cov(φ̂Di
(x), φ̂Dj

(x)) + V ar(φ̂Di
(x))


=

1

B2

B∑
i=1

((B − 1)ρσ2 + σ2)

=
B(B − 1)ρσ2 +Bσ2

B2

= ρσ2 + σ2 1− ρ
B

(3.41)

We can see that the second term can converges to 0
if we increase the number B of trees in the forest. The
first term is directly dependent on the pairwise correlation ρ,
which is reduced by the injection of randomness at the tree
construction level. That’s why Random Forests works. In
general, this aggregation procedure yields greater accuracy
and generalization and this seems particulary true for high
dimensional data (where p � N ). This beneficial effect of
randomization can be seen in Figure 1.

Figure 1: Variance reduction using bagging. On the top, we
have two classes (blue and red dots) with a clear ellipsoid
separation. On the bottom left, the single tree decision
boundary, and on the right, the decision boundary of 100
bagged and aggregated trees. Bagging leads to a more
accurate classification. See [14].

In the rest of the paper, we will note the Random Forests
algorithm as RF.

In the same vein, Geurts et al. [15] derived the Ex-
tremely Randomized Trees (ERT) algorithm similar to Ran-
dom Forests except that: ERT does not apply the bagging



procedure to construct a subset of the training samples for
each tree and ERT picks a node split very extremely (both
a variable index and variable splitting value are chosen ran-
domly), whereas Random Forests finds the best split (optimal
one by variable index and variable splitting value) among
random subsets of variables. This usually allows to reduce
the variance of the model a bit more, at the expense of a
slightly greater increase in bias.

In the rest of the paper, we will note the Extremely
Randomized Trees algorithm as ExtraTF.

3.3.3 Variable importance scores. An interesting feature
of Random Forests concerns variable selection. In fact,
using this algorithm we can compute variable importances
measures that allow us to have an insight into the set of
relevant and irrelevant variables. A recent work of Louppe
et al. [16] gives a theoretical study of the Mean Decrease
Impurity (MDI) measure 5. This is particulary useful in
financial prediction since it gives us the financial market
drivers.

To measure the importance of a predictor Xm, the MDI
measure computes the average, over all B trees in the forest,
of the sum of weighted impurity decreases for all nodes
where Xm is used. Then this measure is normalized over
the set of predictors to sum up to 1. Using the Gini index
as impurity function, this measure is known as the Gini
importance or Mean Decrease Gini. Empirical studies show
that this measure is biased towards predictors with a large
number of values (this bias stems from an unfair advantage
given by the usual impurity functions). However, we are not
affected in our financial application since the predictors have
roughly the same entropy.

From the theoretical point of view, they proved that MDI
importances as computed by totally randomized trees exhibit
desirable properties for assessing the relevance of a variable:
it is equal to zero if and only if the variable is irrelevant and
it depends only on the relevant variables. However, these
results are asymptotic and do no longer hold for RF or ERT
algorithms.

Other measures exist: counting the number of times a
predictor is used to split the root node (too simple) or a more
sophisticed one known as Mean Decrease Accuracy (MDA
or permutation importance), which measures the average
variation of accuracy on the out-of-bag (OOB) samples
where the values of Xm are randomly permuted.

3.3.4 Theoretical results. Random Forests is a widely
used algorithm in many scientific areas with very successful
empirical results. However, the theoretical and mathematical
properties of this method are still not well understood due

5G. Louppe implemented this measure used in the Random Forests
implementation of Scikit-learn package in Python.

to the fact that this method is a combination of several
components (bootstrapping procedure, randomness in the
splitting step, fixed number of observations in each terminal
node) which makes the algorithm difficult to analyze with
rigorous mathematics. Some work has been done focusing
on the consistency of this estimator and using very simplified
versions of the original framework to make the analysis more
tractable.

We can notice the following important works: the early
study by Breiman 2004 [17], a more rigorous formalization
by Biau et al. 2008 [18] and Biau 2012 [19] as well as
Genuer 2012 [20]. Denil at al. 2013 [20] recently proved
the consistency of an online version of Random Forests.

The most recent works are: Denil et al. 2014 [22]
and Scornet et al. 2015 [23]. In the former, the authors
proved the consistency of a variant of random regression
forests (unlike the original RF of Breiman, they do not
perform bootsrapping). An important contribution of this
work is the empirical comparision of their theoretical model
to the theoretical models developped by Biau et al. 2008
and Biau 2012 as well as the widely used RF algorithm
of Breiman 2001 on several datasets. They found that
their model has the closest performance to RF. Their work
gives basics to more analyses such as complexity bounds
and asymptotic convergence rates. In the later, the authors
study the asymptotic properties of Breiman’s algorithm in
the context of additive regression models and proved the
consistency of random forests which gives a first basic
theoretical guarantee of efficiency for this algorithm (this is
the first consistency result for Breiman’s original procedure).

3.4 Support Vector Machines. The Support Vector Ma-
chines (SVM) is a state-of-the-art classification and regres-
sion method introduced by the work of Boser et al. 1992 [24]
and Cortes and Vapnik 1995 [25].

This algorithm has solid theoretical foundations and is a
practical implementation of the results from statistical learn-
ing theory developed by Vapnik. The SVM algorithm is at-
tractive for the following reasons: robustness to very large
number of variables and small samples, ability to learn both
simple and highly complex classification models (via the ker-
nel trick, i.e., by mapping the data into high dimensional fea-
ture space) and usage of sophisticated mathematical princi-
ples to avoid overfitting.

Finally, as we will see, this algorithm consists in solv-
ing a convex optimization problem using quadratic program-
ming methods with the guarantee of a global optimum rather
than local optimum achieved by many machine learning al-
gorithms (for instance k-Nearest Neighbors and Neural Net-
works). Excellent empirical performances have been no-
ticed in many application like bioinformatics, text catego-
rization, image recognition, genes prediction, stock picking
in finance, etc..



In the following developments, we will consider the
pattern recognition case with binary classification.

3.4.1 The main idea. Recall that we have a training
dataset D = {(x1, y1), . . . , (xN , yN )} of random variables
of inputs X ∈ Rp and output Y ∈ {−1,+1}. Hence, our
pattern or instance xi belongs either to the negative class -1
(cancer patient for example) or to the positive one +1 (normal
patient). We define a linear classifer to be a linear discrimi-
nant function of the form:

(3.42) f(x) = wTx+ b

where w ∈ Rp is the weight vector and b ∈ R is the
bias term. If we consider b = 0 then the set H(w, b) =
{x ∈ Rp|f(x) = wTx = 0} corresponds to all points (i.e.,
vectors in the input space) that are perpendicular to w and
go through the origin (a line in two dimensions, a plane in
three dimensions, and more generally, a hyperplane). So the
bias b translates the hyperplane away from the origin and
the hyperplane of equation H(w, b) = {x ∈ Rp|f(x) =
wTx+ b = 0} divides the space in two regions (i.e., the data
points are separated in two classes depending on the sign of
sign(f(x)) = sign(wTx+ b)).

Figure 2: All possible hyperplanes. See [28].

As we can see in Figure 2, in the separable case (where
there exists a linear decision boundary that separates the two
classes perfectly), an infinite number of hyperplanesH(w, b)
exist that can discriminate our training dataset. Hence our
goal is to find the hyperplane that maximizes the gap (or the
margin) between data points on the boundaries.

Before going further, we point out that regarding the
ERM principle, the best hyperplane is the one that minimizes
the misclassification error on the training set (this criterion
leads to the Rosenblatt’s preceptron algorithm for instance).
The contribution of Boser et al. 1992 [24] was to consider a
more robust criterion comming from the statistical learning
theory: this led to the large margin concept.

In fact, they showed (and we noticed it in Section 2) that
the VC dimension of the hypothesis space formed by the set

of separating hyperplanes decreases as the margin increases.
As a consequence, this increases the generalization capacity
of the learning machine.

3.4.2 Case 1: Linearly separable data; Hard-margin
linear SVM. Here, we suppose that our observtions are lin-
early separable in the input space. Lets derive an expression
for the margin.

Figure 3: Hard-margin SVM. See [27].

Consider Figure 3 where we have points (our dataset) in
2D and the hyperplane H(w, b) = {x ∈ Rp|wTx + b = 0}
with two equidistant parallel hyperplanes H1(w, b) = {x ∈
Rp|wTx + b = −1} and H2(w, b) = {x ∈ Rp|wTx + b =
+1}. The points that verify these equation (i.e., that lie
on the hyperplanes H1 and H2) are called Support Vectors
(encircled points).

Geometrically, w is normal to the hyperplane and b
‖w‖

is the perpendicular distance from the hyperplane to the ori-
gin. From geometry, we know that the distance between two
parallel hyperplanes H1 and H2 is D = 2

‖w‖ . Since the hy-
perplanes are equidistant d1 = d2 = 1

‖w‖ , a quantity known
as the SVM’s geometric margin. We note that maximizing
the margin is equivalent to minimizing ‖w‖ (we will con-

sider
1

2
‖w‖2 to be able to perform quadratic programming

optimization). So the goal of SVM is to find the hyperplane
with the optimal orientation (optimizing with respect to w)
and the optimal translation (optimizing with respect to b) in
order to maximize the margin and simultaneously classify
the observations perfectly (i.e., wTxi + b ≥ +1 if yi = +1
and wTxi + b ≤ −1 if yi = −1).

This leads to the following convex quadratic program-
ming optimization problem:

{
minw,b

1

2
‖w‖2

s.t. yi(w
Txi + b) ≥ 1,∀i ∈ {1, . . . , N}

This is called the primal formulation of the problem and



has a unique solution with (p+1) parameters. The numerical
resolution of the primal problem in the separable case can be
done using Gauss-Seidel or interior point methods as well as
Newton or conjugate gradient algorithms (see the paper of
Chapelle 2007 [26] for more details on the resolution of the
primal).

However, the primal formulation has an equivalent dual
formulation 6 (which is also a convex quadratic program-
ming problem) and historically SVM has been mainly im-
plemented in the dual form. This has been motivated by the
following interesting points: the dual problem is a quadratic
program of size N which we will see, can be easier to solve.
In fact, the primal involves (p + 1) parameters which is
tractable when p is small but very costly if p is more than
few hundreds. The process will reveal some interesting and
important properties of SVM related to high dimensional in-
put spaces. Moreover, in the dual formulation appears the
Gramian matrix XXT which will allow us to introduce non
linearity using kernels 7.

To write the dual formulation, we introduce the La-
grangian which is the sum of the objective function and a lin-
ear combination of the constraints with coefficients αi ≥ 0
(called Lagrange multipliers or dual variables):

(3.43) L(w, b, α) =
1

2
‖w‖2 −

N∑
i=1

αi[yi(w
Txi + b)− 1]

Then, we minimize the Lagrangian function L(w, b, α)
with respect to the primal variables w and b (for fixed α)
and then we substitute the primal variables for dual variables
in the Lagrangian. After that, we maximize the Lagrangian
with respect to the dual variables αi ≥ 0. Finally, we
recover the solution (for the primal variables) from the dual
variables.

By setting the derivatives of the Lagrangian with respect
tow and b to 0 (stationarity conditions 8 verified at the saddle
point of the Lagrangian) we have:

6From optimization theory, when working with constrained optimization
problems with inequality constraints, we can write down primal and dual
problems. The dual solution is always a lower bound on the primal solution
(weak duality). The duality gap equals 0 under certain conditions (strong
duality), and in such cases we can either solve the primal or dual problem
since they have the same solution. Strong duality holds for the SVM
problem, and in particular the Karush-Kuhn-Tucker (KKT) conditions are
necessary and sufficient for the optimal solution.

7The key idea here is that in the dual formulation is based on inner
products xTi xj .

8At the optimum, the Karush-Kuhn-Tucker (KKT) conditions include
also the dual complementarity condition αi(yi(w

T xi + b) − 1) = 0, ∀i,
the primal admissibility condition yi(wT xi + b) ≥ 1, ∀i and the dual
admissibility condition αi ≥ 0.

∂

∂w
L(w, b, α) = w −

N∑
i=1

αiyixi = 0

⇒ w =

N∑
i=1

αiyixi

(3.44)

And,

(3.45)
∂

∂b
L(w, b, α) =

N∑
i=1

αiyi = 0

Substituting the above equations in the Lagrangian gives
us a new formulation that we seek to maximize depending
only on the dual variables αi ≥ 0 :

L(w, b, α) =

N∑
i=1

αi −
1

2

N∑
i,j=1

yiyjαiαjx
T
i xj − b

N∑
i=1

αiyi

=

N∑
i=1

αi −
1

2

N∑
i,j=1

yiyjαiαjx
T
i xj

(3.46)

Here we see the benefits of using the dual formulation:
we have only inner products between input feature vectors
(this is important for the kernel trick) and the number of
free parameters is bounded by the number of support vec-
tors and not by the number of variables (beneficial for high
dimensional problems). In fact, the later is explained by the
Karush-Kuhn-Tucker dual complementarity condition which
tells us that we will have αi > 0 at the optimal solution only
for the training examples that have functional margin exactly
equal to one (we say that the corresponding constraint is ac-
tive, meaning it holds with equality rather than with inequal-
ity at the optimum): these training examples are the so called
support vectors which determine the position of the separat-
ing hyperplane (they lie on the hyperplanesH1 andH2). The
fact that the number of support vectors is generally much
smaller than the size the training set gives us a sparse solu-
tion and is interesting for very high dimensional problems.

As said before, we now seek to maximize the La-
grangian with respect to the dual variables αi and obtain the
following dual convex quadratic programming optimization
problem:


maxα

N∑
i=1

αi − 1
2

N∑
i,j=1

yiyjαiαjx
T
i xj

s.t. αi ≥ 0, ∀i
N∑
i=1

αiyi = 0, ∀i



Once we have the optimal values α∗ by solving the
optimization problem above (using the sequential minimal
optimization (SMO) algorithm for instance 9) we can find
the optimal value of the weights vector w∗ using w∗ =
N∑
i=1

α∗i yixi. Finally, considering the primal problem, we

write the optimal value for the intercept using the fact
that the constraint for a support vector xSV is active (i.e.,
ySV (xTSV w

∗ + b) = 1) at the optimum:

(3.47) b∗ =
1

NSV

∑
j∈SV

(yj −
∑
i∈SV

yiαix
T
i xj)

where SV is the set of indices of support vectors and
NSV = Card(SV ).

The optimal hyperplan (i.e., the trained classifier) that
will allow us to classify a new observation x is:

(3.48) H∗(x) = sign(

N∑
i=1

α∗i yix
T
i x+ b∗)

Note that α∗i yix
T
i x+b∗ will be different from 0 only for

the xi’s belonging to the set of support vectors.

3.4.3 Case 2: Not linearly separable data; Kernel trick.
We supposed in the previous section that the training data
points are linearly separable in the input space. However,
this is rarely the case and we want to construct non-linear
decision boundaries. To do so, we introduce the well known
kernel trick (and will explain why we call it a trick later)
by mapping our data from the input space X to a higher
dimentional feature space F using a non-linear function
φ : X → F such that the new hyperplane equation is
H(w, b) = {x ∈ Rp|wTφ(x) + b = 0}.

Consider the feature mapping φ(x) = (x, x2, x3) of a
given attribute x (here an attribute means one column of
X). If we want to use SVM algorithm with these new
features, we can simply take the previous formulation and
replace x everywhere with φ(x) (since the dual formulation
is written in terms of inner products 〈x, z〉, we replace them
with 〈φ(x), φ(z)〉). We define for each feature mapping φ
the corresponding kernel 10:

(3.49) K(x, z) = 〈φ(x), φ(z)〉 = φ(x)Tφ(z)

9This algorithm, due to John Platt, is the main implementation of the
dual formulation of SVM that we find in the most important libraries like
LIBSVM and Scikit-learn package. See [29] for more details.

10Definition: let X be a non-empty set. Let K : X × X → R

be a symmetric function. K is a positive definite kernel if and only if
for any finite set {x1, . . . , xN} of X and the column vector c of RN ,
cTKc =

∑
i,j
cicjK(xi, xj) ≥ 0.

However explicitly computing non-linear features has
a huge time and space complexity which grows with the
dimentionality of the input space. In fact, suppose x, z ∈ Rp
and consider:

(3.50)

K(x, z) = (xT z)2 = (

p∑
i=1

xizi)(

p∑
j=1

xizi) =

p∑
i,j=1

(xixj)(zizj)

This corresponds to K(x, z) = φ(x)Tφ(z) where the
feature mapping φ is given by (for example for p = 3):

(3.51)



x1x1

x1x2

x1x3

x2x1

x2x2

x2x3

x3x1

x3x2

x3x3


As we can see it, the high-dimensional feature vector

φ(x) is computed in O(p2) time, whereas K(x, z) takes
only O(p) time (i.e., linear in the dimension of the input
space). We never need to explicitly represent the vectors in
the high-dimensional feature space F and instead we use a
valid kernel 11 function K(· , · ). This is the kernel trick.

The most commonly used kernels are:

• Linear kernel:

(3.52) K(xi, xj) = xTi xj

• Polynomial kernel (of degree q and intercept r):

(3.53) K(xi, xj) = (xTi xj + r)q

• Gaussian kernel (with γ controling the width of the
Gaussian):

(3.54) K(xi, xj) = exp(−γ‖xi − xj‖2)

11Not every function K(· , · ) : RN × RN → R can be a valid
kernel, it has to satisfy the so-called Mercer condition. Otherwise, the
underlying quadratic program may not be solvable. Mercer theorem: let
K : X × X → R be a symmetric function. K is a positive definite kernel
if and only if there exists a Hilbert space F and a feature map: φ : X → F
such that: K(x, x

′
) = 〈φ(x), φ(x′

)〉.



Regarding the solution of the optimization problem, the
formulation of the optimal hyperplane remains the same:

(3.55) H∗(x) = sign(

N∑
i=1

α∗i yiK(xi, x) + b∗)

Hence, the original data points are projected in a high-
dimensional feature space where a linear separating hy-
perplane can be found. This hyperplane corresponds to a
non-linear decision boundary in the original input space.
We say that that a linear decision boundary is ”kernel-
ized”. Since the kernel K(· , · ) is associated to a scalar
product in the feature space F , it can be intrepreted as a
sort of correlation or similarity measure between the points
{(φ(x1), y1), . . . , (φ(xN ), yN )} in F × {±1}. That’s why
the choice of the kernel can be guided by the type of similar-
ity that we expect in the data (prior knowledge).

Besides the introduction of non-linearity, the use of
kernels is very useful in practice: the definition of SVMs
over complex objects like images, graphs or proteins. In fact,
in [30] the authors use image kernels that generally compute
statistics or features of two images and then compare them.

3.4.4 Case 3: Not linearly separable data; Soft-margin
linear SVM. In the previous section, we introduced the
kernel trick and showed that mapping the data into a high
dimensional feature space allows us to construct non-linear
decision boundaries in the input space and we wish that
this will allow us to perfectly classify the observations.
However, this is not guaranteed. Moreover, constructing a
separating hyperplane can be very sensitive to outliers or
noisy measurements and can lead us to overfitting.

To have a more flexible decision boundary, we introduce
the soft-margin SVM which is very similar to the hard-
margin formulation except that we allow the classifier to
misclassify some points by introducing a positive slack
variable ξi ≥ 0,∀i for each observation (xi, yi), which
can be thought of distance from the separating hyperplane
if the observation is misclassified. The new constaints are
yi(w

Txi + b) ≥ 1− ξi, ∀i and we have:

 ξi = 0 if xi is correctly classified
0 ≤ ξi ≤ 1 if xi is in the margin
ξi > 1 if xi is misclassified

So in soft-margin SVM, data points on the incorrect side
of the margin boundary have a penalty that increases with the
distance from it (see Figure 4).

This leads to an optimization problem similar to the
hard-margin case but with an aditional penalization term
C
∑
i

ξi to penalize misclassification and margin errors :

Figure 4: Soft-margin SVM. See [27].


minw,b

1

2
‖w‖2 + C

N∑
i=1

ξi

s.t. yi(w
Txi + b) ≥ 1− ξi,∀i ∈ {1, . . . , N}

ξi ≥ 0,∀i ∈ {1, . . . , N}

As we noticed it at the beginning, soft-margin SVM
is a regularized version with the use of L1 regularization
12 here. The parameter C controls the trade-off between
the two objectives: maximizing the size of the margin and
minimizing the number of misclassifications (this directly
controls the over/under-fitting of the classifier).

This primal problem involves (p+1+N ) parameters and
can be solved with optimization algorithms noticed above.
However, we will derive the dual formulation for the same
reasons as in hard-margin SVM.

As before, we minimize the Lagrangian function
L(w, b, ξ, α, µ) with respect to the primal variables w, b and
ξ and then we maximize the Lagrangian with respect to the
dual variable αi (actually αi ≥ 0, µi ≥ 0, ∀i are the La-
grange multipliers but we will see that the later can be writ-
ten as a function of the former).

L(w, b, ξ, α, µ) =
1

2
wTw + C

N∑
i=1

ξi

−
N∑
i=1

αi[yi(w
Txi + b)− 1 + ξi]−

N∑
i=1

µiξi

(3.56)

We will only give the derivation with respect to ξi
which give us the additional KKT stationarity condition 13

12From a minimize(loss + λ penalty) view, soft-margin SVM primal

formulation is similar to using the hinge loss
N∑
i=1

[1 − yif(x
T
i )]+ with

λ‖w‖22 as penalty function.
13At the optimum, the Karush-Kuhn-Tucker (KKT) conditions include



(compared to hard-margin case): ∂ξiL(w, b, α) = C − αi −
µi = 0. Knowing the µi ≥ 0, ∀i we have: 0 ≤ αi ≤ C.


maxα

N∑
i=1

αi − 1
2

N∑
i,j=1

yiyjαiαjx
T
i xj

s.t. 0 ≤ αi ≤ C, ∀i
N∑
i=1

αiyi = 0, ∀i

We can see that the new dual problem differs from the
one in the hard-margin case only regarding the constraint on
the αi’s. We have now 0 ≤ αi ≤ C instead of 0 ≤ αi.
Solving the dual problem with SMO-type algorithm allows
us to find the optimal hyperplane. Finally, we note that in
practice we use the ”kernelized” version of the soft-margin
SVM algorithm.

In the rest of the paper we will note SvmLin as the
soft-margin SVM with linear kernel, SvmPoly as the soft-
margin SVM with polynomial kernel and SvmRbf as the
soft-margin SVM with radial basis function (Gaussian) ker-
nel.

4 Experimental results
In this section we present detailed experimental results,
applying the algorithms presented in Sec. 3 to forecast the
sign of realized volatility minus anticipated volatility on the
S&P500 index. We note this target variable as V D (volatility
difference) where :

(4.57) V Dt = V IX(t−21) − V OL(t−21)→t

where V IXt is the value of the VIX index at time t (a
popular measure of the implied volatility of S&P500 index
options calculated by the Chicago Board Options Exchange
(CBOE)) and V OL(t−21)→t is the realized volatility of
the S&P500 index (computed as the annualized standard
deviation of daily returns). We turn this problem into a
binary classification task by taking the sign of the difference.

4.1 Experimental setup. We consider a set of 21 predic-
tors presented in Table 1. Time series have been downloaded
from Bloomberg at a daily frequency.

The entire dataset contains 3529 observations. We
fix the size of the sliding window at 70% of the num-
ber of observations (i.e., 2470 samples from 10/1/2002 to
28/10/2011) and keep the remaining 30% (i.e., 1059 sam-
ples from 31/10/2011 to 15/1/2016) for the out-of-sample
test set. We use a sliding window approach (known as walk

also the dual complementarity conditionαi(yi(w
T xi+b)−1+ξi) = 0, ∀i

and µiξi = 0, ∀i, the primal admissibility condition yi(wT xi + b)+ ξi ≥
1, ∀i and ξi ≥ 0, ∀i and the dual admissibility condition αi ≥ 0 and
µi ≥ 0.

Table 1: Set of predictors.

Code Description
VOL 21 USGG3M Index 21 days ann. vol. on US generic govt. 3 months yield
VOL 21 RX1 Comdty 21 days ann. vol. on Euro Bund (fut. gen. 1st) returns
VOL 21 CCMP Index 21 days ann. vol. on Nasdaq 100 E-mini (fut. gen. 1st) returns
VOL 21 MXEF Index 21 days ann. vol. on MSCI Emerging Markets index returns
VOL 21 XAU Curncy 21 days ann. vol. on Gold spot returns
VOL 21 DXY Curncy 21 days ann. vol. on US dollar index spot rate returns
VOL 21 SPX Index 21 days ann. vol. on S&P500 E-mini (fut. gen. 1st) returns
VOL 21 CO1 Comdty 21 days ann. vol. on Crude Oil (fut. gen. 1st) returns
VOL JPMVXYEM Index J.P.Morgan Emerging Markets volatility index
VOL 21 EUR Curncy 21 days ann. vol. on EUR/USD spot returns
VOL EURUSDV1M Index EURUSD 1 month at-the-money implied volatility
VOL 21 NKY Index 21 days ann. vol. on Nikkei 225 index returns
VOL V2X Index Euro Stoxx 50 volatility index
VOL 21 USGG2YR Index 21 days ann. vol. on US generic govt. 2 years yield
VOL JPMVXYGL Index J.P.Morgan Global FX volatility index
VOL 21 SX5E Index 21 days ann. vol. on Euro Stoxx 50 index returns
VOL 21 CRY Index 21 days ann. vol. on CRB commodities index returns
R SP t 1 One day delayed S&P500 index returns
R VIX t 1 One day delayed VIX index first order difference
VIX t 1 One day delayed VIX index
Spread t 1 One day delayed difference realized minus anticipated volatility

Table 2: Values used for parameters optimization.

Parameter Values Description
C linspace(0.001,10,50) Regularization parameter
nb tree [1000,2000] Number of classification trees in the forest
tree depth [2,3,4,5] Maximum depth of each classification tree
γ linspace(0.001,10,50) Width of the Gaussian kernel
q [2,3,4,5] Degree of the polynomial kernel
r linspace(-5,5,50) Independent term in the polynomial kernel

forward analysis) as a simple solution to deal with concept
drift and non-stationarity. We perform one-step-ahead pre-
dictions (i.e., classification) and all the models are relearned
every 20 days. At each relearning, the parameters of each
model are optimized using a grid search with 5-fold cross-
validation adapted for time series14 and with the values in
Table 2.

After relearning, the optimized models are used to pre-
dict the 20 subsequent observations. Finally, we measure the
performance of each model using the ROC curve which is
a graphical plot that illustrates the performance of a binary
classifier system as its discrimination threshold is varied. It
plots the true positive rate (TPR, called also sensitivity or re-
call) as a function of false positive rate (FPR, called also false
alarm ratio). Before defining these quantities we present the
confusion matrix in Figure 5. In the field of machine learn-
ing, a confusion matrix, also known as a contingency table
or an error matrix, is a specific table layout that allows visu-
alization of the performance of an algorithm.

Hence, we have that: TPR = TP/(TP+FN) and FPR =
FP/(FP+TN) = 1-specificity.

14In fact, classical cross-validation is not valid for times series forecasting
since it implies predicting the past using the future after the first iteration.



Figure 5: Confusion matrix.

In addition to the ROC curves we also compute, as
performance measures, the precision (PRE), recall (REC)
and F1-score ratios:

PRE =
TP

TP + FP

REC =
TP

TP + FN

F1 − score = 2
PRE ×REC
PRE +REC

(4.58)

In pattern recognition with binary classification, the
PRE ratio is intuitively the ability of the classifier not to label
as positive (resp. negative) a sample that is negative (resp.
positive). The recall is intuitively the ability of the classifier
to find all the positive (resp. negative) samples. Precision can
be seen as a measure of exactness or quality, whereas recall
is a measure of completeness or quantity. In simple terms,
high precision means that an algorithm returned substantially
more relevant results than irrelevant, while high recall means
that an algorithm returned most of the relevant results.

PRE and REC ratios are hence computed for each class.
The F1-score can be interpreted as a weighted harmonic
mean of the precision and recall.

4.2 Results. In Figure 6 we present the ROC curves on the
test set. We can make several observations:

• LogRegL1 and LogRegL2 methods as well as
SvmLin have an Area Under the Curve (AUC) scores
lower than the score achieved by a random guess
(AUC=0.5). It is interesting to notice that logistic re-
gression gives better accuracy than linear SVM.

• Non-linear machine learning algorithms have sys-
tematically superior performances with best score
(AUC=0.67) achieved by SvmPoly.

Table 3: Precision (PRE), recall (REC) and F1-score ratios
achieved by the classifiers on the test set. Results are
presented in the following format: value for class ”-1” / value
for class ”+1”.

Precision Recall F1-score
LogRegL1 0.12/0.84 0.28/0.65 0.17/0.73
LogRegL2 0.06/0.84 0.05/0.86 0.06/0.85
RF 0.3/0.86 0.13/0.95 0.18/0.9
ExtraTF 0/0.85 0/0.99 0/0.92
SvmLin 0.04/0.85 0.01/0.97 0.01/0.91
SvmPoly 0.3/0.89 0.41/0.83 0.35/0.86
SvmRbf 0.58/0.86 0.09/0.99 0.16/0.92

In Table 3 we present the results on the test set for the
previously mentioned ratios for both classes ”-1” and ”+1”.
It allows us to have a deeper insight in the behavior of the
algorithms. First of all, we can see that all used methods
struggle in predicting correctly negative instances (low Pre-
cision scores) except for SvmRbf (PRE=0.58). However,
SvmRbf is not able to find all the negative samples since
its Recall score is very low (REC=0.09). This means that
this algorithm ”votes” rarely ”-1” (less than the natural fre-
quency we find in the dataset) but when the output is ”-1”,
the confidence is high.

Hence, Table 3 shows that the superior performance
of SvmPoly observed in Figure 6 is due to its ability to
predict correctly negative samples with a relatively higher
confidence compared to other algorithms. However, its
performance on class ”-1” remains not satisfactory.

5 Conclusions
In this paper, we gave some elements of statistical learning
theory in order to understand the foundations and motiva-
tions of this field. We introduced machine learning algo-
rithms giving the detailed derivations and theoretical justifi-
cations. We used the described methods to forecast the eq-
uity realized volatility (S&P500 index). Obviously, taking
into account non-linear input-output relationships using ma-
chine learning methods gives better accuracy. In future work,
we will treat the non-stationary nature of financial time se-
ries by looking at the literature related to concept drift and
experts aggregation.
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Figure 6: ROC curves on test set.
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